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Temperature Distributions in Supersonic
Turbulent Boundary Layers
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Experimental investigations of total temperature and Mach number distributions in tur-
bulent boundary layers have been performed in the Mach number range from 1.75 to 4.5, using
a newly developed combined temperature and pressure probe. The measurements carried
out so far have been used to reanalyze the process of heat transport by calculating the tur-
bulent Prandtl number distribution throughout the boundary layer. The results show an
increase of the turbulent Prandtl number close to the surface, thus indicating that the tur-
bulent transport of heat decreases more rapidly towards the wall than the turbulent trans-
port of momentum. A simple relation, based on the Prandtl mixing length theory, is pro-
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posed for the variation of the turbulent Prandtl number within the viscous layer. This rela-
tion gives temperature distributions that are in good agreement with the experimental data

in the region of constant shear stress.

Nomenclature
a = speed of sound
A = van Driest’s constant, Eq. (41)
A, = const, as defined by Eq. (42)
Cp = gpecific heat at constant pressure
cr = skin friction coefficient, ¢; = 27w /(pU?)x
l = Prandtl’s mixing length, Eq. (41)
Iy = mixing length for heat transport, Eq. (42)
M = Mach number, M = U/a
M, = Mach number parameter, M, = (c;/2)VM,
? = static pressure
Do = total pressure
Pr = molecular Prandtl number, Pr = uc,/A
Pr, = turbulent Prandtl number, Eq. (16)
q = heat flux (in the y direction)
r = boundary-layer recovery factor
Tp = recovery factor of the probe, Eq. (2)
Re/cm = Reynolds number, based on freestream values and the

length of 1 em
Re, = Reynolds number, based on freestream values and the
momentum thickness, Res = Uwds/ve

T = static temperature

i = reference temperature of the probe thermocouple, 75
- 00

"6 = total temperature

7. = equilibrium temperature, 7', = T,[1 + r(v — 1)M 2%/
2]

Vil = temperature fluctuations

U,V = mean velocity components

u,0 = components of velocity fluctuations

Ur = shear stress velocity, u, = (rw/pw)V/?

z,3 = Cartesian coordinates

y* = dimensionless wall distance, y* = yu,/vw

B4 = heat flux parameter, 8, = qw/(c,Twowir)

v = ratio of specific heats

8 = boundary-layer thickness

b = momentum thickness,

& = foa U/ (U)u(l — U /Uy
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eddy heat conductivity
eddy viscosity

von Kérmén constant

const, as defined by Eq. (42)
thermal conductivity
dynamic viscosity
kinematic viscosity
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Subscripts

m = value, measured with boundary-layer probe (measured
value)

conditions at the wall

value in the freestream

w
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1. Introduction

HE knowledge of the total temperature distribution in
turbulent supersonic boundary layers is necessary for the
estimation of the skin friction and heat-transfer coefficients of
modern flight vehicles. Theoretical calculations of the tem-
perature profile are usually based on the so called “Crocco
solution,” which includes assumptions not compatible with
real flow conditions. On the other hand, there is a consider-
able amount of variation in the temperature distributions cal-
culated from measurements made by different experimenters.
These measured temperature distributions are not in satisfac-
tory agreement with existing theoretical results.! Further-
more, it is difficult to ascertain what portion of the variation
results from differences in the boundary layers, e.g., “history
effects,” and what portion is caused by shortcomings of the
test methods or techniques. Therefore, further experiments
should be made in order to clarify the observed discrepancies.
In the present study, measurements were made at nearly
adiabatic wall conditions on a flat plate and on a flat nozzle
wall in two separate wind tunnels. However, the same com-
bined total temperature and total pressure probe was used in
both tunnels to obtain the data.? An analysis of the heat
transport process in turbulent compressible boundary layers
is made, based on these measurements.

2. Experiments

The experimental work on compressible turbulent boundary
layers, performed in two different tunnels, is briefly described
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Fig. 1 Test arrangement in the ‘“*Small Supersonic Wind
Tunnel” of the AVA.

as follows:

1) Measurements on a flat plate were made in the 3 X 4 ft
“High Supersonic Wind Tunnel (HSST)” of the Royal Air-
craft Establishment (RAE), Bedford, England. A detailed
description of the tunnel and the flat plate is given in Ref. 3.
The plate was 1664 mm long and 890 mm wide and was sup-
ported by two cantilevers bolted to the side walls in a fixed
position. The leading-edge wedge angle was 10° and its
bluntness deliberately made rather large (0.25 mm) to avoid
variations in bluntness caused by the sandblasting during the
prolonged period of tests. The bottom surface and the sup-
porting cantilevers were thermally insulated to approximate
adiabatic flow conditions as much as possible. Nevertheless,
the measured recovery temperatures on the flat surface of the
plate were generally about 22°C, considerably higher than
the theoretical equilibrium temperature of about 15°C [r =
(Pr)ys = 0.89].

In this paper, only measurements are discussed that were
performed at a fixed position from the leading edge (zrz =
870 mm).  The Reynolds numbers were varied by changing
the settling chamber pressure. The detailed description of
the test arrangement, including the data of four other positions
from the leading edge, is given in Ref. 4.

2) The measurements in the “Small Supersonic Wind
Tunnel” of the AVA (Aerodynamische Versuchsanstalt),
Gottingen, were performed on a flat nozzle wall. This tun-
nel, with a test section of 10 X 10 em, is described in Ref. 5.
The total pressure and total temperature profiles were
measured at six different distances from the nozzle throat
at nearly adiabatic wall conditions. These conditions were
obtained by heating the air in the wind tunnel up to a tem-
perature at which the measured wall temperature was equal to
the ambient temperature. The influence of Reynolds number
variation at constant Mach number was not investigated
in these tests.

The general range of test conditions in the two wind tunnels
is summarized in Table 1. The investigations in both tunnels
were performed with the combined total temperature and
pressure probe,? which was developed in the Small Supersonic
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Wind Tunnel of the AVA. This device results from an at-
tempt to avoid most of the disadvantages of existing shielded
total temperature probes. To obtain high sensitivity, the
temperature difference between the probe and the reference
thermocouple, which is installed in the settling chamber, is
directly indicated. The accuracy in temperature measure-
ment of the probe and the electronic equipment is £0.1°C,
The electronic equipment and the general arrangement of the
tests in the HSST of the RAE and the Small Supersonic Wind
Tunnel of the AVA are very similar. The arrangement of the
tests in the AVA tunnel is shown in Fig. 1.

3. Data Reduction

The Mach number profiles were calculated in the usual
manner from the measured pressure distributions in the
boundary layer. For pressure ratios of p/py > 0.528 the
Mach number was evaluated from the Bernoulli equation for
compressible flow. For supercritical pressure ratios p/py <
0.528 the Rayleigh Pitot formula was used. The assumption
of a constant static pressure through the boundary layer is
made. The static pressure p was measured at the wall for
AVA investigations, while it was caleulated from the ratio of
settling chamber pressure to Pitot pressure for the RAE data
reduction.

The ratio of local total to static temperature is given by

To/T = 1 + [(v — 1)/2]M? @)

It could be shown in Ref. 2 that the calibration factor of the
probe, defined as

= (Tm—T)/(To—T) @

is mainly dependent on the mass rate of flow s which passes
the thermocouple. Since in these measurements the mass
flow changed during the boundary-layer traverse, the calibra-
tion factor of the probe was not constant. Therefore with
each change of probe position in the boundary layer the ex-
hausted mass flow rate was measured. The calibration of the
probe for variable mass flow was obtained outside of the
boundary layer after each traverse. With Eqs. (1) and (2)
the local total temperature ean be obtained as a function of
the measured total temperature T, and the probe calibration
factor r,. This relationship is

To= Tu/lrs + 0 = r)/{1 + [(v — D/21M%]  (3)

The velocity ratio at any point can be expressed as a function
of Mach number and total temperature, as follows

U M {14 (v —V/2IM.2 Ty

12
U. M. {1 + [(v = D/2100? T_l
Likewise, by using the ideal gas equation of state and con-
stant static pressure, the density ratio can be calculated as a
function of the measured variables from

P _ 1+ [(y — 1)/2]M* Too (5)

po 14 [(v — D/2]M T

All of the desired boundary-layer properties have now been
expressed as a function of the measured variables.

@
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Table1 Test conditions

Size of test

Tunnel section, ecm M, Re/cm-107%  Rey-10—4
RAE 91.5 X122 2.5—45 1.1-3.0 09-20
AVA 10 X 10 1.5—3.0 14-—-08 04-—-1.0

4. Results and Discussion of Measurements

To determine the local skin friction coefficients from the
measured boundary-layer profiles, analytical velocity profiles
are constructed from the law of the wall for compressible flow,
in accordance with Ref. 6, and Coles’ wake function. An
additional distribution is introduced in order to eliminate the
abrupt change in the slope 0U/dy at the outer edge. The
main point is that, for given conditions, the boundary-layer
profile is fully determined when values of wall shear stress 7w
and boundary-layer thickness § are known. Now, an itera-
tive calculation procedure has been used to determine 7w and
d in such a way that the calculated profile is in best agreement
with the experimental one. This is accomplished by requir-
ing that the root-mean-square deviation between measured
and calculated profiles becomes a minimum. A more detailed
description of this procedure is given in Ref. 7.

The Mach number profiles measured at six different stations
on the plane nozzle wall are shown in Fig. 2. All profiles are
in excellent agreement with the profiles calculated by the
method just described. Figure 2, in which the Mach number
distributions are presented perspectively, gives no unequivo-
cal information about the similarity of the profiles. However,
the wake factor of the Coles” wake function increases with in-
creasing distance from the nozzle throat. This indicates less
tull profiles farther downstream.

The corresponding total temperature profiles are shown in
Fig. 3. The ratio of local and freestream total temperature
To/Too 1s plotted against the Mach number ratio M/M,.
Croceo’s relation

T Tw T.—Ty(U\ _ _y—=1_,(U\
.= T, T T 7. (Uw) rog Mo (Um> ©

is shown for comparison, assuming a recovery factor, r =
0.89.1 Systematic deviations between the Crocco distribu-
tion and the measured values are observed. Firstly, the ex-
perimental total temperature distribution decreases as the
wall is approached and then increases again. Secondly, the
so-called overshoot in the outer part of the boundary layer in-
creases with increasing distances. This overshoot should be
constant in accordance with the total energy balance for a
thermally insulated flat surface. The change in the over-
shoot may be explained by the fact that the heat flux from the
fluid to the surface is not constant on the plane nozzle wall.
The Mach number M, is increasing from the nozzle throat
(M, = 1) to the test section. Consequently, the equilibrium
temperature T is decreasing. Since the ambient temperature
is constant, there must be a greater heat flux through the wall
near the throat than in the test section, where the measured
wall temperature T'w is very close to the equilibrium tempera-
ture T.. Thus, full similarity could not be established with
these investigations.

The results obtained from measurements on the flat plate at
a freestream Mach number M. = 4.5 are shown in Figs. 4
and 5. The Mach number profiles, plotted as M /M, against

1 The familiar presentation of the data in terms of (7, — Tw)/
(Tow — Tw) vs U/U, was not used here, because the deviations
from Crocco’s formula would appear unduly enlarged due to the
small difference 7o, — T'w. The Mach number M was preferred
to the velocity U since M is determined from the pressure mea-
surements alone, independently of the temperature measure-
ments. Thus, Figs. 3 and 5 show temperature measurements vs
pressure measurements.
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the dimensionless wall distance y* = w,y/vw, are very close
to the calculated profiles. M, = (¢c;/2)V2M is the Mach
number parameter, u, = (Tw/pw)? the shear stress velocity.
The corresponding total temperature profiles (Fig. 5) show
very different shapes for the outer parts compared with those
measured on the nozzle wall. At the moment, no explanation
can be offered for the vanishing of the overshoot. Near the
surface the temperature distribution of the two experiments
agree with each other.

5. Turbulent Prandtl Numbers

The measurements show that the total temperature de-
creases as the wall is approached and then increases again.
To explain this behavior, further information regarding the
turbulent mechanism in this region seems necessary. In
order to calculate the turbulent Prandtl numbers in the
boundary layer, the shear stress and heat flux distributions
must be estimated first.

If the usual boundary-layer approximations are accepted
(see H. Schlichting,® Chap. 23a), and the mass flux in y direc-
tion is defined by

V) = pV + {p'v) Q)

then the equations for continuity, momentum and energy for
two-dimensional flow without pressure gradients read as fol-
lows:

O(pU)/ox + d(pV))/Oy = 0 ®)
2(pU% | d3pHU) _ o1 _ o(mi+ 7)) ©)
oz oy oy oy
d(pUTy) o({pV)Ty) _
e [ 2w T oy ]

o(Ur) _dg _ dlg+ g9
oy "oy~ oy 9
The contribution of molecular friction is

7= woU/dy €89

and the apparent shear stress may be expressed in terms of the
Boussinesq relation

T¢ = —pluv) = pe,0U /0y (12)
s s
To 10 Refem=10°) Mg = 4.5 -
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Similarly, the molecular contribution to the heat flux is

= NOT /0y 13)
and the apparent heat flux can be written as
g = —cppT") = c,pe,0T /Oy (14)

In the Egs. (7) to (14) the values of p, U, V, T, , and q are
averaged values with respect to time, and (pv), (uv), (W1'")
are the time averaged products of fluctuating quantities. e,
and ¢, are the eddy heat conductivity and eddy kinematic
viscosity, respectively. ,

For laminar flow, the momentum and thermal transport
mechanisms are related to each other by the molecular Prandtl
number Pr = pc,/\. Similarly, the turbulent Prandt! num-
ber is defined as

Pr, = e./¢, (15)

With the definitions of Eqs. (11-14) the turbulent Prandtl
number can be expressed as

Pre = ¢(r — m)/(q — ¢)(0T/dy)/@U/dy)  (16)

The specific heat at constant pressure c,, and the molecular
Prandtl number Pr are constant, while the density p and the
dynamic viscosity u are functions of the static temperature 7'
The local values of the shear stress 7, the heat flux ¢, the de-
rivatives 97/dy and dU/dy can be calculated from measure-
ments.

A. Calculation of Shear Stress and Heat Flux Profiles

After substituting Eq. (8) into Eqs. (9) and (10), the inte-
gration with respect to y of the thermal energy and momentum

equations yields
Ufya("U) dj+ ¢ (7

o fro a<pU>
‘=c [ﬁa@at;m _ Tof“(gf) dg] _
Ur +C, (18)

The constants C; and C, in Eqs. (17) and (18) are determined
by the boundary conditions y = 6: 7 = ¢ = 0.

There are not enough data to differentiate the field quan-
tities with respect toz. Therefore, selfsimilar boundary-layer
profiles are assumed, although the similarity is not fully
established. If the velocity and temperature profiles in
z direction are selfsimilar, the partial differential quotient
0(pU)/0x in Eqs. (17) and (18) follows from the assumption
pU = pULF({), which implies that pU/(pU)., is only a func-
tion of the dimensionless wall distance { = y/8. After the
partial differentiation with respect to z, followed by a partial
integration with respect to y, one gets in a dimensionless form

D) gy LELSY
me f - 0 dz mewy

fr2Y dy] 19)
0 pgD

The integration of the other partial differential quotients
9/0z in Egs. (17) and (18), with similar assumptions, gives the
following results:

yb(PUz) _1ds Uy _
me f = 6da:|: <Um> y

ve (UN 4

fO Po (Um-) dy} @)
| pUTo

dz | pU.T. Y

v pUT, ]
fo poU-To dy] @)

1 f@/ o(pUTy)
dj =

1
(pUT). oz T
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In these equations, the gradient dé/dz describes the growth
of the boundary layer in z direction. With the local skin
friction coefficient ¢; known, the von Kérmdn momentum
equation can be used in the form

(1/8)(do/dx) = (1/62)(dds/dz) = ¢;/2 (22)

which also implies similarity of the profiles. Introducing all
the expressions of Eqs. (19-22) into the Eqgs. (17) and (18),
one obtains, for the shear stress and heat flux distributions,
the relations

T e [ U v pU
ol 252[U fo ot W
y pU?
I dg] 40 @

g9 To (v ,oU _
d —_
e(pUT). 26 [T fo .U "

v pUT, ~:I U B ,
;fo (PUT)» dy Ue poUsx? (v DM2+ C: (24)

The supposition of similarity is not fully satisfied by the
total temperature profiles, This has the consequence that
Eq. (24) gives incorrect heat flux distributions, especially
close to the surface. For this reason, a factor C; has been
introduced, such that Eq. (21) takes the form

1 Y D(pUTo) . C/ [ pUTo
dj = —C,
(UT). f y (U ?

bx 252
v pUTo .
N dy] (@5)

Substituting Eq. (25) in Eq. (18) one finds the local heat flux

to be
ST = o [(gng';my - 1. & dg] +
om0 ) -
Ut =DM o)

where the correction factor C; and the integration constant
C, are determined by the boundary conditions 1) y = 8: ¢ =
0,2) y = 0: qw/les(pUT)] = C.. This means, by proper
choice of Cj, the heat flux distribution can be adjusted to the
correct value at the wall.

For an adiabatic wall, it follows from boundary condition
2 that (]W/[Cp(pUT)m] = 02 = 0.

In the case of heat transfer from the flow to the surface, we
get from Newton’s friction law and Fourier’s heat conduction
law the relation

gw = Twc/PrT/0U)w 27

If the derivative (0T /0U)w is to be determined from measure-
ments, one obtains with the boundary conditions y = 0: M
= 0and T = Ty, = Tw the expression

RT/RU)w = RT/T)DM/M) lw(Te/Tw)2Tw/Us  (28)

However, (0T/0M)w cannot be determined with great ac-
curacy, since no measurements can be made in the viscous
sublayer. Thus, an assumption, similar to that in the Crocco
equatlon has been applied: the local static temperature Taq
in the boundary layer on an adiabatic flat surface may be
given as Tos = TF(y/6). Then small deviations from these
adiabatic flow conditions can be taken into account using the
approximation T = T. + (U/Us)ay + a2 The constants
o, and a, are obtained from the boundary conditions ¥y = 0:
T=Tw Tas=Te,y =26 T=Ta Tea= Ta,suchthatone
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Fig. 6 Heat flux and shear stress distributions on the flat
plate for different Mach numbers.

obtains 7 = To + (Tw — T){l — (U/U.)]. Because of
(0T .a/0y)w = 0, the derivative (T/0U)w takes the form

@T/PU)w = (Te — Tw)/U= (29)

Examples of calculated shear stress and heat flux distribu-
tions are given in Figs. 6-8. With increasing Mach numbers
the local skin friction coefficient decreases, and so does the
local shear stress, as shown in Fig. 6. Also shown in this
figure are the corresponding heat flux distributions, assuming
adiabatic wall conditions. For constant freestream Reynolds
numbers, the total temperature was regulated in such a man-
ner as to give constant wall temperatures at all Mach num-
bers. Consequently one obtains larger local heat flux with
increasing Mach number.

The effect of Reynolds number variation with respect to
the shear stress and heat flux distributions in the boundary
layer is shown in Fig. 7. If the Reynolds number was de-
creased by lowering the settling chamber pressure for a con-
stant Mach number, the local values of the heat fluxes and
shear stresses increase, due to the fact that close to the wall
the viscosity becomes greater.

In Fig. 8 it is demonstrated that the accuracy of the caleu-
lated heat flux distributions is sensitive to changes in the de-
rivative (0T /0U)w, which fixes the integration constant Cs in
Eq. (26). Linear interpolation between the wall temperature
T'w and the closest measured point results in a positive deriva-
tive (0T/dU)w, which is probably not compatible with the
test conditions. The estimation of this derivative, using the
Crocco-type solution of Eq. (29), predicts a small rate of heat
transfer from the plate to the flow.

B. Determination of the Local Temperature-
and Velocity Derivatives 0T /0y and oU/dy

The calculation of turbulent Prandtl numbers from low-
speed heat transfer tests suffers from the poor accuracy, with
which (07'/0y)/(@U/0y) is determined from the experimental
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Fig. 7 Heat flux and shear stress distributions on the flat
plate for different Reynolds numbers.
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Fig. 8 Heat flux and shear stress distributions using dif-
ferent values of QT /0M)w.

data. In order to minimize the errors, the following pro-
cedure has been applied in the present case. The actual value
of the static temperature close to the wall is strongly affected
by the Mach number, whereas the total temperature shows
only small alterations. For this reason, the total tempera-
ture and Mach-number distributions have been used to de-
termine the derivatives 07/dy and oU/0y.
From the ratio of the static temperatures

T/To = (To/To)/{1 + (v — 1)/2]M% (30)
one obtains, by differentiation with respect to M,
A(T/Tx) _ B(To/T)/0M] — (v = D(T/T)M

oM 1+ [(v = 1)/2]M2 @1
and in a similar way
U/Us) _ T/TH)'™ 1 M E)m o(T/Te)
oif M. +2Mm<T ort &2

Consequently, one finds
(0T/0y)/(QU/0y) = [o(T/Tx)/0M]OM/0(U/Ux)] (33)

This expression includes only the variables Ty and M, and
requires no differentiation with respect to y. Differentiation
with respect to y is necessary to determine the molecular con-
tributions 7; and ¢;, which are only small correction terms in
Eq. (16). The measured total temperature and Mach num-
ber distribution were first smoothed and then differentiated.
Quite accurate results are achieved in this way.

C. Distribution of Turbulent Prandtl Numbers

When the ratio of the local derivatives (07/0y)/(@U/0y),
as well as the local values of the shear stress 7, and heat flux
¢, are calculated, one can obtain the turbulent Prandtl num-
bers using Eg. (16). In Fig. 9 the turbulent Prandtl number
distributions, caleulated from the total pressure and tem-
perature profiles of the flat plate, are plotted vs the dimension-
less distance y*. For all the investigated Mach numbers the
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Fig. 9 Turbulent Prandtl numbers Pr; vs dimensionless
wall distance y* on a flat plate.
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Fig. 10 Turbulent Prandtl numbers Pr; vs dimensionless
wall distance y* on a flat nozzle wall.

values of Pr. indicate an increase greater than unity for y* <
50. This means that the turbulent transport of heat de-
creases more rapidly towards the wall than the momentum
transport. The turbulent Prandfl number distributions ob-
tained from measurements on the plane nozzle wall at nearly
adiabatic conditions, show the same trend (Fig. 10).

The agreement between these results and those found by
H. Ludwieg® from measurements in a pipe at high subsonic
speeds, is good. These measurements also show the tendency
of the turbulent Prandtl number to increase towards the wall.
However, data points were available only for wall distances
y/8 > 0.1 and, therefore, no comparison can be made for the
viscous layer.

The results of turbulent Prandtl number distributions for
supersonic flow are in excellent agreement with those of R. L.
Simpson, D. G. Whitten, and R. J. Moffat,® who carried out
measurements at low subsonic speeds on a porous plate.

6. Approximate Calculation of the Total
Temperature Distributions Near the Wall

A theoretical approach will confirm the previous results and,
in addition, will shed some light on the mechanism of tur-
bulent heat transport in the region close to the surface, where
no measurements can be made. At sufficiently small dis-
tances y from the wall, all the derivatives of the mean quanti-
ties with respect to the z direction ean be neglected in the
governing differential equations. Integration of the equa-
tions for momentum and thermal energy Egs. (9) and (10)
thus yields the following relations for the shear stress and heat
flux

T = const = 7w (34)
g = qw — UTW (35)

Within the region where these suppositions hold the distri-
butions of Mach number and total temperature can be given
as (compare Ref. 6)

M = Mrf(y*;Man) (36)
Ty = TW¢(y*yMTqu) (37)

where f and ¢ are dimensionless functions of y*, the Mach
number parameter M, and the heat flux parameter g,.
These relations imply

To = Twll(M/M.M,,B,) (38)

where F is another dimensionless function. The functions
can be calculated from Eqgs. (34) and (35), when simple flow
models are introduced for 7 and ¢. Using the mixing length
conception, we have

oy >°U (39)

—_ 2 Pl
i (’””’l oy | )y
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and

olU

oy

oT
PTt) b_y (4:0)

g = (M/PT + pl?
where E. R. van Driest’s relation! can be applied in the form
Ref. 6)

L=yl — exp{—y(rwp)"?/(nd)}] (1)

» is von Kdrmén’s constant and A is van Driest’s constant.
The assumption of a constant value of the turbulent Prandtl
number is simple and suggests itself. However, the results,
as calculated with a constant Pr, cannot be reconciled with
the experimentally determined temperature distributions.
For this reason, a different mixing length variation for the
transport of heat, namely

is proposed as a generalization, which differs from Eq. (41) in
that », and A, differ from » and A, respectively. Equation
(41) was originally suggested from an analogy with Stokes’ flow
on an oscillating wall.  Although this analogy is not pertinent,
the formula works well. Similar arguments may be advanced
in favor of Eq. (42), but the assumptions can be justified only
by comparison with experimental results. The following
limiting relations hold

y=0: Pr.= [(x/n)(4,/A)] (43)
limy— o: Pr, = (t/%xg)? (44)

Some typical results, as calculated from numerical integra-
tion of Eqs. (84-42), are presented in the form of Eq. (38)
together with experimental data at M., ~ 3 (M, = 0.081,
B, = —0.0011), on Fig. 11. There are two curves for Pr, =
const (A, = A) and one for laminar flow (Pr = 0.72). It
becomes clear from these results that none of the possible
curves with Pr, = const conforms to the experiments. How-
ever, the curve based on the values (x/x,)? = 0.86, A,/A =
1.25, comes close to the measured distribution. In this case,
the furbulent Prandtl number varies from Pr, = 1.34 at the
surface to Pr; = 0.86 in the fully turbulent part. At first
glance, the shape of this temperature distribution appears to
be surprising. But, at very small distances, the temperature
and Mach number distributions are given by the laws of
laminar flow (up to M/M, ~ 6), and in order to join the
measuremerits at larger M /M ,, the temperature distribution
has to assume the peculiarly crooked form. This form can be
established only with a relatively low eddy heat conductivity,
ie. with a high turbulent Prandtl number in the viscous
regime.

A quantitative comparison for measurements on the flat
plate at several Mach numbers, ranging from M. = 2.5 to

s : -
Tw taminar flow] / Frt=0864~
Pr =072 7
105 7
/ /GL’CD”S( Oo
v &
S
Prg=10
1.0 foe? \w !
2Prp+consl \
A
EI-086 T_ELDS
i O Experiment
095
0 10 20 30
M _U Tw

Mc ur VT

Fig. 11 Calculated total temperature distributions M. =
0.081, 3, = —0.0011.
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4.5, is shown on Fig. 12. The rate of heat transfer at the wall
was estimated from Eqs. (27) and (29), using a recovery factor
r = 0.89. TFor all the calculated curves the same set of con-
stants was chosen, namely (x/x,)? = 0.86, A,/A = 1.25.
Since the caleulated values of gw are very sensitive to the esti-
mated difference T'w — T., two limiting curves were drawn in,
assuming deviations from the measured surface temperature
of +1°C and from the recovery factor of +0.01. The calcu-
lations agree well with the experiments, and the limiting
curves envelop all the data. There is some indication that
the ratios of the constants may have universal character.
This is confirmed by inspection of the temperature measure-
ments in boundary layers made by Adcock et al.**> and Lee et
al.l* Finally, the parallel shift of the data below the calcu-
lated curve with Pr, = 0.86, which follows from Fig. 11, was
observed also for the previous comparisons (Ref. 6) with the
early NOL-measurements.

A rigorous theory is not available for the turbulent flow,
but we know that the pressure fluctuations provide the driving
forces of the motion in the viscous sublayer. This follows
from the work of J. Sternberg,’* G. Schubert, and G. M.
Corcos.® The absence of an equivalent term in the thermal
energy equation may explain why the turbulent transport of
heat decreases faster towards the wall than the turbulent
transport of momentum.

Finally it may be mentioned that R. Jenkins® (compare
also Ref. 10) proposed a model to predict the unequal vari-
ation of momentum and heat transport, when the ratio of
eddy viscosity to kinematic viscosity e./v decreases. We
shall not discuss the details of this model here, but merely
show, Fig. 13, that it predicts a similar variation of Pr, with
€;/v as our mixing length model.

7. Concluding Remarks

The measurements of total temperature distributions in the
boundary layers of two wind tunnels are found in good agree-
ment with each other in layers close to the surface. This fol-
lows from the turbulent Prandtl numbers, which were calcu-
lated from the data. The reason is that velocity as well as
temperature distributions are governed by local wall parame-
ters, such as shear stress 7w, temperature T'w, rate of heat
transfer gw, pressure pw, and gas properties. The data are
obviously compatible with the similarity relations, derived
from these parameters. Calculations based on the mixing
length concept predict well velocity and temperature distribu-
tions from the surface through the viscous layer to the fully
turbulent regime.

In contrast to this, the temperature distributions in the
outer part of the boundary layers do not agree due to the dif-

M., M, X 10® g, X 10

4.5 104 —-1.6%0.7
3.5 89 —1.1%0.6
3.0 81 —1.1:=0.6
2.8 i ~1.24+0.6
2.5 71 —0.9+0.5

Fig. 12 Calculated total temperature distributions com-
pared with experimental results at different Mach num-
bers (x, x,)? = 0.86, 4,/4 = 1.25.
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Fig. 13 Variation of the turbulent Prandtl number ac-
cording to the mixing length and Jenkins’ model.

ferent flow conditions of the two experiments. Actually, up-
stream history effects decay very slowly. The measurements
on the plane nozzle wall agree qualitatively with the expected
behavior. The circumstances which generate the observed
temperature distributions on the flat plate, are not yet under-
stood.

Further work is necessary to clarify apparent discrepancies.
Direct surface shear stress measurements will be helfpul.
Comparative profile measurements with the use of different
kinds of temperature probes could be made. Experiments
with severe rates of heat transfer would usefully supplement
the present work on nearly adiabatic wall conditions.
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Parametric Study of a Two-Dimensional Turbulent Wall Jet
in a Moving Stream with Arbitrary Pressure Gradient

SuresE H. Gorapia* anp Gene T. CoLwELLT
Georgia Institute of Technology, Atlanta, Ga.

Measurements of flow parameters for a two-dimensional turbulent wall jet are presented
in a range of ratios of slot stream velocity to external stream velocity with pressure gradients,
not previously investigated. These data are utilized for the calculations of wall shear and

shear distribution by numerical methods.

sidered.
Nomenclature
Cp = pressure coefficient
fGn) = similarity function for velocity profile in the jet layer
_in initial region
f(p2) = similarity function for velocity profile in the wake layer

in the initial region
f(ys) = similarity function for velocity profile in the jet layer
in main region

fta) = similarity function for velocity profile in the wake layer
in the main region

H = form factor or pressure gradient parameter

H = ratio of dissipation energy thickness and momentum
thickness’

M = Mach number

Pgr = wall static pressure, Ibf/ft2

Pr = Pitot tube total pressure, 1bf /ft2

P, = freestream pressure lbf/ft?

Rs = Reynolds number based on wall layer momentum
thickness

U, = velocity in the core layer in the initial region, fps

Ucsp = slotvelocity at the exit, fps

Uy = velocity at the edge of viscous layer, fps

Ue.n = velocity at the edge of viscous layer at the slot exit,
fps

Uwiy = velocity at the junction of jet layer and wake layer,
fps

Umy = velocity at the junction of wall layer and jet layer,
fps

U, = freestream velocity, fps

u = X component of velocity in viscous layer, fps

v = Y component of velocity in viscous layer, fps
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Relationships among the parameters are con-

z = distance measured from slot exit, in.

Y = distance measured from wall, in.

Yie = distance y in the wake layer above the wall in
initial region for f(3:) = 0.5, in.

Yae = distance y in the wake layer above the wall in

main region for f(4,) = 0.5, in.
5* = displacement thickness for wall layer in initial
and main region, in.

& 35
[ = vy or f* 1 - @U.ay
5** = dissipation energy thickness, in.

[7 @t - w/v dyor
[7 @/t = /v d

81,82,83,
54,05, ete. = distance shown in Fig. 1, in.
m = similarity parameter for velocity profile in the
jet layer in the initial region
12 = similarity parameter for velocity profile in the
wake layer in the initial region
13 = similarity parameter for velocity profile in the
jet layer in the main region
N = similarity parameter for velocity profile in the
wake layer in the main region
0 = momentum thickness for wall layer in initial re-
gion and main region, in.
5
[ wron — w/vdy or
fo“ w/UnL — @/Un)ldy
p = density of air, lbm/ft?
T = shear stress at a distance y above wall, Ibf/ft?
Tw = wall shear stress, Ibf /ft?

Introduction

THE behavior of wall jets is of practical interest because
of their application in film cooling or heating and in
boundary-layer control on airfoil sections and wings of STOL
aireraft. Detailed experimental investigations have been
carried out by prominent investigators such as Bradshaw and
Gee,! Kruka and Eskinazi,> Myers et al.,* Hubbart and
Bangart,* Birkebak et al.’ and Kacker and Whitelaw.®
Some of the investigators concentrated their efforts on very



